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Abstract: Weyl points have recently been predicted and experimentally observed in doublegyroid photonic crystals, as well as in other complex photonic structures such as stacked
hexagonal-lattice slabs and helical waveguide arrays. In all above structures, the Weyl points
are located between high frequency bands, and are difficult to probe experimentally. In this
work, we show that a photonic crystal with a simple tetrahedral structure can host frequencyisolated Weyl points between the second and third bands. The minimal number of two Weyl
points emerges from a threefold quadratic degeneracy at the Brillouin zone corner when timereversal symmetry is broken. We verify theoretically that the Weyl points carry opposite
topological charges, and are associated with Fermi arc-like surface states. This photonic
crystal can be realized using ferromagnetic rods in the microwave frequency regime,
providing a simple platform for studying the physics of Weyl points.
© 2017 Optical Society of America
OCIS codes: (350.1370) Berry's phase; (000.1600) Classical and quantum physics; (050.5298) Photonic crystals.
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1. Introduction
Weyl points are the topological band degeneracies in three dimensions. They are governed by
the Weyl Hamiltonian [1] H ( k ) =
ki vijσ j (where ki , vij and σ j respectively denote the
i, j = x, y, z

wave-vector, velocity and Pauli matrix). Originally proposed by Hermann Weyl to describe
massless relativistic fermions [1], this Hamiltonian was recently found to occur in certain
band structures possessing broken inversion (P) symmetry and/or broken time-reversal (T)
symmetry; the band-crossing points, or “Weyl points”, carry topological charge and are
robust against perturbations to the underlying lattice. Apart from condensed-matter
realizations [2–4], Weyl Hamiltonians can also occur in classical wave systems, such as
photonic crystals [5–8] and acoustic crystals [9,10]. Lu et al. predicted the existence of
photonic Weyl points in a double-gyroid photonic crystal with broken P and/or T [5], and
subsequently verified their existence for the P-broken case [6]. “Fermi arc-like” topological
surface states associated with photonic Weyl points have been observed in a P-broken
photonic crystal consisting of stacked hexagonal lattice slabs [7], and “type-II” Weyl points
and their surface states have been observed in an array of helical optical waveguides [11].
Other structures that have been predicted to host Weyl points include stacked triangular
photonic crystal slabs [12], arrays of helical metal wires [13], and stacked acoustic resonator
chains [9,10].
Here, we show that Weyl points can occur in a photonic crystal based on a tetrahedral
lattice of space group 208. The structure, shown in Fig. 1(a), appears to be considerably
simpler than the ones employed in previous studies (double-gyroid, stacked slabs, etc.)
[7,12,14]. The unit cell is cubic, and contains four cylindrical rods. The lattice inherently
lacks P symmetry. So long as T symmetry is unbroken, its band structure lacks Weyl points,
instead exhibiting a threefold quadratic degeneracy at the corner of the Brillouin zone.
However, when T is broken by applying gyroelectric anisotropy (e.g., by constructing the
rods out of ferromagnetic materials [5,15–17], such as bismuth iron garnet - a rare-earth
garnet with ferromagnetically ordered domains), the degeneracy is lifted to produce a pair of
well-isolated Weyl points with opposite chiralities (Berry fluxes). We show also that the
photonic crystal exhibits the expected Fermi arc-like surface states. This design may thus
provide a simple route for fabricating photonic crystals with Weyl modes.
2. Tetrahedral photonic crystal
In the photonic crystal’s unit cell, shown in Fig. 1(a), the four dielectric rods (shown in gold)
are centered at (0.25, 0.25, 0.25)a, (−0.25, −0.25, 0.25)a, (0.25, −0.25, −0.25)a and (−0.25,
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0.25, −0.25)a, where a is the length of each side of the cubic cell. The rod axes point from the
center of the cubic cell towards [1,1,1], [-1, −1, 1], [1, −1, −1], and [-1, 1, −1] respectively.
The lattice forms the space group 208, and evidently does not possess inversion symmetry P.
The first Brillouin zone, shown in Fig. 1(b), is cubic. We fix the rod radius as r = 0.13a, and
initially take the rod material to be an ordinary dielectric with permittivity ε = 16 . The
magnetic permeability is unity everywhere [5,18], and the rest of the volume is air.

Fig. 1. Unit cell of the tetrahedral photonic crystal and Brillouin zone. (a) The unit cell consists
of four rods of radius r = 0.13a. The rods point from (0, 0, 0) to (0.5, 0.5, 0.5), (−0.5, −0.5,
0.5), (0.5, −0.5, −0.5), (−0.5, 0.5, −0.5), respectively. (b) The cubic Brillouin zone of space
group 208.

Figure 2(a) shows the photonic band structure along high symmetry lines of the first
Brillouin zone. At the Brillouin zone corner R = (0.5, 0.5, 0.5) (in unit of 2π/a), the lowest
three bands meet at a threefold quadratic degeneracy at frequency 0.351 × 2πc/a (where c is
the speed of light). This is reminiscent of the threefold degeneracy in the band structure of the
double-gyroid photonic crystal studied in Ref [5], which can be lifted to produce Weyl points
by breaking either P or T. In the present structure, the underlying lattice already lacks P, so
we resort to breaking T by magnetizing the rods along the y direction to induce a gyroelectric
response. The dielectric tensor in the rods now acquires nonzero off-diagonal imaginary
components [5,15,17],

ε=

ε xx

0

0

ε yy

−iκ

0

iκ
0 .

ε zz

We take ε yy = 16, ε xx = ε zz , κ = 10 and ε xx 2 − κ 2 = ε yy 2 , consistent with gyroelectric
materials. Note that T-breaking can be implemented equally well via µ for gyromagnetic
materials. Therefore ferrimagnetic materials with a gyromagnetic response give the same
results.
The band structure of the magnetized photonic crystal is shown in Fig. 2(b). The threefold
quadratic degeneracy is lifted, and we observe a linear band-crossing point between the
second and third bands, located along the Brillouin zone’s RM1 symmetry line, at frequency
0.374 × 2πc/a. This is one of a pair of Weyl points; the other one lies along the same
symmetry line, but at the opposite side of the first Brillouin zone, as shown in Fig. 2(c). The
two bands are joined by exactly two Weyl points, the minimum number that can exist in Weyl
crystals (which can only occur in T-broken crystals) [14]. Figure 3(a) shows the linear band
dispersion in the vicinity of the Weyl point at k = (0.50, 0.31, 0.50).
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Fig. 2. Band structure of the photonic crystal with and without magnetization. (a) Band
structure without magnetization. (b) Band structure with magnetization along y direction. (c)
The distribution the Weyl point in the first Brillouin zone. Red and Blue points represent Weyl
points with opposite chirality.

3. Weyl points and one-way surface state
To verify that the linear band-crossing points are indeed Weyl points, we numerically
calculate their topological charge (chirality). Starting from the frequency-domain Maxwell
equations, the electric field is eliminated to obtain the second-order master equation
2
1
ω
∇×
∇ × H (r ) =
H ( r ) where H is the magnetic field and ω is the angular
ε (r )
c
frequency. We take Bloch functions H ( r ) = un, k ( r ) exp ( ik ⋅ r ) , where n is the band index;
the

cell

periodic

functions

un , k

obey

the

orthonormality

condition

un , k ( r ) |un ', k ( r ) = un , k ( r ) un ', k ( r ) d 3 r = δ n, n ' with the integral taken over the unit cell. The
Bloch functions and eigenfrequencies are computed using the MPB software package [19].
The topological charge of each Weyl point is then calculated by the numerical method
described in Refs [20]. The Weyl point is enclosed by a sphere of k-space radius 0.05 × 2π/a,
parameterized by the polar angle θ and azimuthal angle φ, as shown in Fig. 3(b). For each
closed loop of constant θ i , the Berry phase is computed using the discretized formula

γ n = −Im ln∏un , k |un, k , where kj represents jth point along the loop. These Berry phases are
j

j

j +1

plotted versus θ; the results, for the three lowest bands and for the Weyl point at k = (0.50,
0.31, 0.50), are shown in Fig. 3(c). As we vary θ from 0 to π, the Berry phase of the first band
remains zero, whereas the Berry phase of the second (third) band changes continuously from
2π to 0 (from 0 to 2π ). Note that the Berry phase can only be an integer multiple of 2π
when θ varies from 0 to π . The result of such a calculation is equivalent to taking the surface
integral of the Berry curvature over a closed surface. Therefore, this integer multiple is equal
to the monopole charge enclosed and gives the chirality of the Weyl point enclosed. We
conclude that this Weyl point at k = (0.50, 0.31, 0.50) carries a topological charge (Chern
number) of −1 [20]. Repeating the calculation for the other Weyl point, its topological charge
is found to be + 1, as expected.
The topological features of Weyl points imply the existence of protected surface states,
referred to as “Fermi arc surface states” in the condensed-matter context [2]. We look for
surface states by taking a 3D photonic crystal slab that is finite in the z direction and infinite
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in the x and y directions. In this case, kx and ky are good quantum numbers, and the Weyl
nodes are projected along the kz direction, as indicated by the blue and red dots in Fig. 3(e).
In calculating Fig. 3(d)–(e), the claddings consisting of single gyroid photonic crystals with
band gaps near the frequency range of the Weyl points are added on the top and bottom of the
supercell, in order to confine the electromagnetic waves. In Fig. 3(d), we plot the projected
band structure as a function of kx, with fixed ky = 0.5 × 2π/a. We observe a dispersion curve
(the red line), representing surface states localized to one surface (the dispersion curve for
states on the opposite surface is suppressed). Note that the group velocity flips sign within a
very small frequency range around 0.38 × 2πc/a; this behavior is dependent on boundary
details and does not violate the bulk-edge correspondence principle. This is up to the trivial
materials we adopted in simulations. In Fig. 3(e), we trace out the locus of surface states in
the two-dimensional (kx-ky) Brillouin zone, at fixed frequency 0.366 × 2πc/a. This locus forms
an open arc connecting the projected positions of the two Weyl points, similar to the “Fermi
arcs” that have been predicted and observed in Weyl semi-metals [2–4]. (Here, the chosen
operating frequency plays the role of the Fermi level).

Fig. 3. The chirality and topological surface states. (a) The band structure in vicinity of the
Weyl point at (0.50, 0.31, 0.50) with kz = 0.5. The frequency of degeneracy is 0.374 × 2πc/a.
(b) The sphere in momentum space enclosing one Weyl point. The radius of the sphere is 0.05
× 2π/a. (c) The calculated Berry phase as a function of polar angle. The center of the sphere
locates at the Weyl point (0.50, 0.31, 0.50). (d) The topologically protected surface state. (e)
The photonic open arc (dark red dotted line) traced out from surface states at the fixed
frequency 0.366 × 2πc/a in the surface Brillouin zone centered at R point.

4. Conclusion and discussions

In conclusion, we have shown that a photonic crystal with a simple tetrahedral structure can
exhibit Weyl points when T symmetry is broken via gyro-electric anisotropy. The tetrahedral
lacks P symmetry, but without T breaking the band structure contains only a threefold
quadratic degeneracy at the Brillouin zone corner; breaking T lifts this degeneracy and
produces a pair of Weyl points between the second and third bands. We have verified that the
Weyl points carry have topological charge (chirality), and that they are associated with
topologically-protected Fermi-arc-like photonic surface states. This photonic crystal can be
realized at microwave frequencies by using ferromagnetic rods [17] with internal remnant
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magnetization, which would not have to be biased using an external magnetic field. This may
offer a new platform for exploring the rich physics of Weyl modes and other 3D photonic
topological phases [21,22].
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Abstract: We present an erratum regarding the number of space group in our paper.
OCIS codes: (350.1370) Berry's phase; (000.1600) Classical and quantum physics; (050.5298) Photonic crystals.

References and links
1.
2.
3.

Z. Yang, M. Xiao, F. Gao, L. Lu, Y. Chong, and B. Zhang, “Weyl points in a magnetic tetrahedral photonic
crystal,” Opt. Express 25(14), 15772–15777 (2017).
S. Meiboom, M. Sammon, and W. F. Brinkman, “Lattice of disclinations: The structure of the blue phases of
cholesteric liquid crystals,” Phys. Rev. A 27(1), 438–454 (1983).
S. Meiboom, M. Sammon, and D. W. Berreman, “Lattice symmetry of the cholesteric blue phases,” Phys. Rev. A
28(6), 3553–3560 (1983).

We have found that the correct space group of the photonic crystal in our main text [1] is 224
[The incorrect ‘space group 208’ appears at paragraph 2, page 2 and paragraph 1, page 3]. It
has inversion symmetry, as can be seen in Fig. 1 with a different origin changing from (0, 0,
0) to (1/4, 1/4, 1/4)a. The results in our paper are still valid. We note that its space group was
incorrectly identified as 208, as in [2-3] of liquid crystals.

Fig. 1. The unit cell of space group 224 with inversion symmetry.
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